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Dissipative solitons in passive, driven, Kerr-nonlinear optical resonators are circulating pulses
of light that are sustained by a pump laser and can propagate indefinitely. These solitons are of
interest both from the standpoint of fundamental nonlinear dynamics and because they could bring
optical frequency synthesis and metrology capabilities to the chip scale. Under some conditions Kerr
solitons can exhibit breathing behavior, in which case their amplitude, bandwidth, and duration
oscillate in time over the course of many resonator round trips. These breather oscillations emerge
spontaneously, and their frequency is determined by the system parameters. Here we propose and
theoretically investigate the possibility that these breather oscillations may become subharmonically
entrained to the periodic perturbation occurring at the resonator round-trip time TR that arises from
out-coupling and pumping. The result of subharmonic entrainment is an integer ratio Tb/TR = N 
1 between the breather period Tb and the round-trip time. We find that in a regime of intermediate
resonator finesse (F ∼ 30−40), rigid subharmonic entrainment—or locking of the breather oscillation
to the round-trip time—occurs and is maintained over a range of system parameters. We observe
entrainment with an integer locking ratio as high as N = 20, and propose a way to realize the
effect with higher entrainment ratios and at higher finesse. This system’s subharmonic response to
governing equations that are invariant under discrete time translations is similar to recently proposed
and reported discrete time crystals in quantum many-body systems. We discuss a route towards
experimental realization of these breather-soliton time crystals, and explain how their incorporation
into photonics systems could simplify proposed applications of microresonator solitons. Importantly,
our work explores a new regime of microresonator Kerr-nonlinear dynamics in which the round-trip-
time perturbation plays a significant role.
INTRODUCTION
Coupling a continuous-wave pump laser into a pas-
sive, high quality-factor (Q) Kerr-nonlinear ring res-
onator gives rise to rich nonlinear dynamics. In the pres-
ence of high circulating intensity enabled by high Q, the
intensity-dependence of the refractive index due to the
Kerr (χ(3)) nonlinearity leads to cascaded four-wave mix-
ing, resulting in electromagnetic fields at new frequencies
and the generation of broadband optical frequency-comb
spectra [1, 2]. Of particular interest is the case where
the electromagnetic fields at the new frequencies mode
lock such that they periodically constructively interfere
in unison, resulting in one or more localized soliton pulses
circulating the resonator [3–5]. These solitons are able to
propagate in the resonator indefinitely due to a balance
between resonator dispersion and nonlinearity, and also
between dissipation and the drive provided by the pump
laser. If a single soliton circulates in the cavity then a
pulse is out-coupled once per round trip, and a train of
pulses separated by the round-trip time TR propagates
away from the resonator—this is illustrated schematically
in Fig. 1a.
In the frequency domain, this pulse train corresponds
to a coherent optical frequency comb with repetition rate
frep = 1/TR [6, 7]. Solitons generated in high-Q Kerr-
nonlinear microresonators (microcombs) have been rec-
ognized as a promising candidate for realization of chip-
scale optical frequency measurement and synthesis ca-
pabilities [3, 8–13]. Much effort has been put into in-
vestigating the basic properties of these systems, and
facets that have been investigated in depth include e.g.
the effects of dispersion [14, 15] and mode structure
[16–19] on the soliton spectrum, thermal effects [20–22],
spontaneous temporal ordering of co-propagating solitons
[23, 24], the effect of Raman scattering on the dynamics
[25–28], and the soliton breathing instability.
This last effect is the spontaneous emergence of oscil-
lations in the amplitude and temporal duration of a cir-
culating soliton. These oscillations typically occur over
many round trips with a breathing period Tb  TR so
that they manifest as the modulation of the pulse en-
ergies in the out-coupled pulse train. This is depicted
in Fig. 1b and can be revealed, e.g., by impinging the
pulse train on a photodetector. This phenomenon has
been investigated experimentally in several works [29–32]
and is well-known outside of the field of microresonator
frequency combs (see e.g. [33, 34]), but the emphasis
for microcomb applications has remained on the gener-
ation of stable (non-breathing) solitons. Here we focus
on breather solitons and propose a new type of sponta-
neous synchronization in microcombs: subharmonic en-
trainment of breather oscillations to the round-trip time.
It has generally been assumed that the timescale over
which the intracavity field evolves in microcombs is de-
termined by the cavity photon lifetime τph, and that the
round-trip time plays little role beyond setting the rep-
etition rate frep of the out-coupled pulse train. This
approximation emerges in the limit of high finesse and
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2FIG. 1. The physical system and the phenomenon under
study. Each quantity is shown in a consistent way throughout
the figure. (a) A depiction of the physical system, consist-
ing of a Kerr-nonlinear ring resonator and a bus waveguide.
The intensity profile |ψ|2 of a circulating (stable, i.e. non-
breathing) soliton is shown in red, along with two out-coupled
pulses separated by the round-trip time TR, with amplitudes
indicated by blue dots. (b) A depiction of an Ikeda-map
simulation of a breather soliton conducted with parameters
α = 4.5, F 2 = 10, β2 = −0.2, and F = 12. The intensity of
the out-coupled pulse train is shown in red as a function of
round-trip times NRT , and the gray surface plot depicts evo-
lution (into the page) of the intensity within each round trip
according to a generalized nonlinear Schrodinger equation.
Blue dots mark amplitudes of the out-coupled pulses |ψ|2max,
and the black curve is a guide to the eye obtained by spline
interpolation between the pulse peaks. (c, d) Depictions of
breather oscillations in the unlocked (c) and locked (d, with
N = 10) cases, here for α = 4.5, β2 = −0.02, F = 24.69, and
F 2 = 9 (unlocked) and F 2 = 10 (locked). In (d), we explic-
itly show the periodicity of the breather amplitudes for three
different points in the oscillation waveform. (e) A plot of ob-
served oscillator positions (|ψ|2max) as a function of drive phase
(NRT modulo 1) over a simulation of ∼ 8000 round trips in
the unlocked (left) and locked (right) cases. In the locked case
(where Tb/TR = 10) the oscillator position assumes N = 10
discrete values for each value of the drive phase; no such order
exists in the unlocked case.
results in the mean-field Lugiato-Lefever equation (LLE)
model of the nonlinear dynamics [5, 35–39]. The LLE
has been extremely successful in faithfully reproducing
and explaining experimental results and informing sys-
tem design. On the other hand, in nonlinear systems
even small perturbations can lead to the emergence of
qualitatively new behavior. Thus, motivated by the re-
cent excitement regarding the proposal and observation
in quantum many-body systems of discrete time crystals
that violate discrete time-translation symmetry [40–43],
by the body of work regarding subharmonic entrainment
of oscillations that dates back much further [44–47], and
by previous studies of period-doubling in passive [48] and
lasing [49] fiber-loop cavities, we investigate the possibil-
ity of subharmonic entrainment of breather oscillations
to the periodic perturbation at the round-trip time such
that Tb = NTR, where N  1.
The synchronization we seek cannot be revealed within
the LLE model, so in our investigations we perform sim-
ulations of individual soliton round trips. This is shown
schematically in Fig. 1b and described below. If this syn-
chronization exists it would be equivalent to the sponta-
neous symmetry violation in quantum time crystals and
to the frequency demultiplication in an electronic system
reported by van der Pol and van der Mark nearly a cen-
tury ago [44]. As far as we know this would represent a
new type of effect in microcomb nonlinear dynamics. We
adopt the descriptive term breather-soliton time crystals
to emphasize the connection between our investigations
and recent research outside of the field of microcombs,
and to make clear the nature of discrete-time-translation-
symmetry violation that we observe.
Our numerical simulations reveal subharmonic entrain-
ment of the breather oscillations to the round-trip time in
a regime of intermediate finesse; the basic effect is shown
in Fig. 1c-e. We focus on this regime in this initial study
for two reasons—it strengthens the perturbation at the
round-trip time, and it reduces the time needed to con-
duct simulations. We present synchronization results for
Tb/TR = N up to 13. We explore the rigidity of sub-
harmonic entrainment and find that it remains robust
over a range of system parameters, and even as param-
eters are dynamically varied. Our simulations indicate
that the strength of entrainment decays exponentially as
the finesse is increased, so we discuss possible routes to-
wards realization of the effect at higher finesse. We find
that temporal sharpening of the breather oscillation peak
through introduction of fourth-order resonator mode dis-
persion immediately allows us to extend the effect to
N = 20 without making substantial efforts at optimiza-
tion. This locking ratio already indicates that the effect
could be employed to electronically measure, for exam-
ple, a microcomb repetition rate of 1 THz by measuring
the frequency of the subharmonically-entrained breather
oscillations at 50 GHz. This would allow significant sim-
plification of proposals for integration of microcombs for
3applications. We conclude by discussing possibilities for
experimental realization of breather-soliton time crystals.
MODEL
The canonical model for nonlinear dynamics in a
driven, passive, Kerr-nonlinear resonator has become
the nonlinear partial differential equation known as the
Lugiato-Lefever equation. In normalized form, the equa-
tion reads [39]:
∂ψ
∂τ
= −(1 + iα)ψ + i|ψ|2ψ − iβ2
2
∂2ψ
∂θ2
+ F. (1)
Here ψ(θ, τ) is the normalized intracavity field envelope
and F is the normalized pump strength (i.e. |ψ|2 and F 2
are proportional to the circulating intensity and pump
power, respectively—F is assumed real without loss of
generality), where normalization is taken relative to the
circulating intensity and pump power at the threshold
for parametric oscillation. The parameters α and β2 rep-
resent the detuning of the pump laser from the nearest
cavity mode and the cavity second-order dispersion, re-
spectively, both normalized to half the cavity linewidth
∆ω = 1/τph: α = −2(ωp−ω0)/∆ω and β2 = −2D2/∆ω.
Here ωp and ω0 are the pump-laser frequency and fre-
quency of the resonator mode closest in frequency to the
pump laser, and D2 =
∂2ωµ
∂µ2
∣∣∣
µ=0
is the derivative of the
cavity free-spectral range D1 =
∂ωµ
∂µ
∣∣∣
µ=0
with mode num-
ber µ, evaluated at the frequency of the pumped mode
(the set {ωµ} represents the cavity resonance angular
frequencies, with µ the pump-referenced mode number).
The field ψ is defined over a co-moving azimuthal angle θ
(running from −pi to pi) that is analogous to the fast time
in, e.g., the generalized nonlinear Schrodinger equation
(GNLSE) in fiber optics, and evolves over a slow time τ
normalized to the photon lifetime as τ = t/2τph.
Analytical and numerical investigation of Eq. (1) and
modifications thereof (e.g. to include higher-order dis-
persion or Raman scattering) exhibit close agreement
with experimental observations. However, the LLE is
not suited for revealing dynamics of the system that oc-
cur as a result of the periodic perturbation to the system
that occurs at the round trip time due to the interference
of the circulating field ψ with the pump field F and the
localized loss at the output coupler—this perturbation is
assumed small and then incorporated continuously after
averaging, resulting in the mean-field LLE model [37, 50].
To explore round-trip-time effects one can make use of
an Ikeda map [50, 51], in which propagation of the field
over the nth resonator round trip ψn(θ, 0) → ψn(θ, L),
where L is the round-trip path length, is conducted ac-
cording to the GNLSE (ubiquitous in describing propaga-
tion in Kerr-nonlinear, dispersive media [2]), and then the
field at the beginning of the next round trip is obtained
by discretely incorporating out-coupling and pumping—
this is depicted in Fig. 1b. To define the Ikeda map rela-
tive to the LLE, we further specify the resonator finesse
F = 2pi/∆ωTR and the coupling ratio η = ∆ωext/∆ω,
which quantifies how much of the loss is due to ex-
ternal coupling that occurs at the rate ∆ωext (where
∆ω = ∆ωint + ∆ωext, with internal dissipation occur-
ring at the rate ∆ωint). With these new definitions, the
Ikeda map that is equivalent to the LLE in Eq. (1) in
the limit of high finesse is [52]:
ψn(θ, L) = GRTψn(θ, 0), (2)
ψn+1(θ, 0) = e
−i piF α
(
1− piηF
)
ψn(θ, L) +
pi
F F, (3)
where GRT is an operator denoting propagation of the
field ψ over a single round trip, which corresponds to a
distance ∆s = pi/F in a normalized spatial coordinate s.
Propagation occurs according to a GNLSE of the form:
∂ψ
∂s
= −(1− η)ψ + i|ψ|2ψ − iβ2
2
∂2ψ
∂θ2
. (4)
In this work we focus on the case η = 1 throughout—
this corresponds to the hypothetical scenario in which
losses only occur through outcoupling (∆ω = ∆ωext),
and is approximated by a resonator that is strongly over-
coupled. This is natural because we consider a regime
in which the finesse is significantly lower than the value
allowed by, e.g., critical coupling (η = 1/2) of a resonator
fabricated with high-quality materials, and setting η = 1
also maximizes the strength of the periodic perturbation
at the round-trip time.
The Ikeda map incorporates the round-trip timescale
into the system, which is completely absent in the LLE
dynamics [53]. However, for the values of finesse that we
consider here, the photon lifetime still sets the timescale
for evolution of the intracavity field (see e.g. Fig. 2a).
The ratio between the photon lifetime and the round-
trip time, which gives an indication of how many round
trips are necessary for the field ψ to change appreciably,
is τph/TR = F/2pi.
Determination of the breathing frequency using the
Ikeda map
In this work we employ Ikeda-map simulations to de-
termine the oscillation frequencies of breather solitons,
which allows us to identify subharmonic entrainment.
Here we briefly describe the technical details of our ap-
proach.
After we have identified a point at which a breather
soliton exists, the oscillation frequency is determined in
the following way: An Ikeda-map simulation is initialized
4with a waveform ψ0 that approximates the soliton solu-
tion to the LLE [5] (which shares parameters α, β2, and
F 2 with the Ikeda map), and then run for many round
trips. Each round trip consists of evolution according
to the GNLSE, Eq. (4), and then implementation of
the coupling operator, Eq. (3). The integration of the
GNLSE is carried out using a fourth-order Runge-Kutta
interaction-picture method [54], where the step size is
chosen to be a (finesse-dependent, ≤ 1/15) fraction of
the smaller of the nonlinearity length scale LNL and the
dispersion length scale LD for the propagating pulse [2].
The simulation duration, for example ≥ 200000 round
trips for the data presented in Fig. 2, is significantly
longer than a reasonable estimate of a lower bound on the
required number of round trips needed to look for subhar-
monic entrainment. This estimate is obtained by calcu-
lating the number of round trips Nlock ≈ |1− Tb,0/N |−1
required for a breather oscillating with free-running pe-
riod Tb,0 (measured in units of round-trip times) to
acquire a phase of 2pi/N relative to the subharmonic
perturbation frequency frep/N ; this is the criterion for
each possible phase relationship between the free-running
breather oscillation and the periodic perturbation at the
round-trip time to be sampled. An immediate conclu-
sion is that longer simulation durationsNlock are required
to detect entrainment as the effect gets weaker, as this
means that it will be observed over a narrower range
|1− Tb,0/N |—note that in general one expects entrain-
ment to be more likely when Tb,0/N ≈ 1.
To determine the breather frequency from the simula-
tion data, we calculate the Fourier series for a sequence of
breather amplitudes {|ψn|2max} of length ≥ 5000 obtained
at the end of the simulation (i.e. after the system has had
time to approach its long-time behavior). The breather
period Tb is then determined by fitting to the peak of the
Fourier series near f = 1/Tb a function describing the
Fourier series for a sine wave whose period is incommen-
surate with the observation time, i.e. the Fourier series
for sinωt over the interval 0 ≤ t ≤ T , where ωT/2pi 6=
integer m.
RESULTS
Here we present our numerical simulations of breather-
soliton time crystals. First we explore the effect of vary-
ing the resonator finesse on the breather oscillations (with
fixed pump power and detuning), and we find intervals of
finesse over which Tb locks to an integerN , resulting in an
entrainment plateau (Fig. 2). Then we explore these en-
trainment plateaus as a function of pump power F 2 and
detuning α; these parameters are readily tuned in exper-
iment, which provides a route for accessing entrainment.
Finally, we investigate the rigidity of a breather-soliton
time crystal in the presence of dynamical variations of
the pump power.
We begin by examining the effect on breather oscilla-
tions of departing from the high-finesse limit. For the re-
mainder of the paper we focus on a breather soliton at or
near the point α = 4.5, F 2 = 10, β2 = −0.02, and η = 1.
In Fig. 2a we show the period of breather oscillations
as a function of the resonator finesse at this point; the
breather period relative to the photon lifetime changes
little as the finesse is varied. We find that the departure
of the breather period from the high-finesse limit, where
the breather period Tb,τph is determined within the LLE
model, is well described by Tb,τph(F) = Tb,τph,LLE−A/F ,
where A ∼ 3.47 (here and below we use the subscripts
‘τph’ and ‘RT ’ to make explicit the units of measurement
for Tb; otherwise it should be assumed that the units
are round-trip times). From preliminary investigations
of other points (α, F 2, β2, η), it appears that this tidy
form of the fit may not be universal—in particular, other
powers of F may be required for agreement with the ob-
servations.
Even though the breather period changes little in units
of photon lifetimes over the range 25 ≤ F ≤ 600, it varies
greatly in units of round-trip times through the relation
Tb,RT = Tb,τph · F/2pi—thus as the finesse is varied the
breather period Tb traverses many integer values. In Figs.
2b-e we present calculations of the breather period for
intervals of finesse over which Tb is close to an integer.
Clearly visible in this data are plateaus of subharmonic
entrainment, where Tb deviates from the expected value
and rigidly snaps to an integer.
In Figs. 2b-e we also present fits of the entrainment
data to the Adler injection locking model [55]. This
model provides a prediction for the difference between
the breather frequency fb = 1/Tb and the nearby sub-
harmonic perturbation frequency frep/N in terms of the
free-running breather frequency fb,0(F) = 1/Tb,0(F) and
the locking bandwidth (in frequency) δ that determines
the locking range:
fb = frep/N + Sign(∆)× Re
√
∆2 − δ2, (5)
where ∆ = fb,0(F) − frep/N and δ is determined by fit-
ting the data. For Figs. 2b-e fb,0(F) is assumed to be
locally linear and is obtained by fitting data far from the
entrainment plateau. From the calculated values of δ we
can determine the locking range ∆F in each case, and
we plot these values as a function of the finesse in Fig.
2f. We observe that the locking range is fit well by a
decaying exponential. This rapid decrease in the lock-
ing range can be expected for several reasons: First, the
magnitude of the periodic perturbation at the round-trip
time decreases with increasing finesse. Second, we ex-
pect the sensitivity of the system to shifts in the timing
of out-coupling relative to a hypothetical breather oscil-
lation envelope (represented conceptually by the black
curves in Fig. 1) to be related at least qualitatively to
∂Ab/∂NRT , where Ab is the amplitude of the breather
envelope and NRT is the slow time in units of round
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FIG. 2. Exploration of breather-soliton time crystals. (a) An
investigation of the effect of varying finesse on the period of
the breather oscillation, in units of photon lifetimes. The
breather oscillation period in the limit of high finesse pro-
vided by the LLE is shown in dashed black. The fit shown in
dotted blue is obtained from the orange dots and described in
the text. The data points presented in parts b-e are also in-
cluded. (b-e) Calculated breather-oscillation periods in units
of round-trip times as a function of finesse over several in-
tervals where Tb,0 is near an integer. Fits to the data using
an injection locking model, described in the text, are shown
in solid gray. (f) Locking range ∆F as a function of finesse
(dots), obtained from the injection-locking fits from parts b-e,
with a decaying exponential fit to the data indicated by the
solid line.
trips. This sensitivity will decrease as Tb increases with
increasing finesse.
Next, we investigate the entrainment plateaus as a
function of the system parameters F 2 and α, which rep-
resent the pump power and laser-cavity detuning, respec-
tively, and present the results in Fig. 3. Fig. 3a shows
the entrainment plateau as a function of F 2, and Fig. 3b
shows two entrainment plateaus as a function of α. As in
Fig. 2, we present fits to the data using Eq. (5). To im-
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FIG. 3. Rigidity of subharmonic entrainment with N = 10
(F = 24.69) in the presence of variation of system param-
eters F 2 and α. (a) Entrainment plateau for variation of
F 2, with approximation of Tb,0(F
2) (blue) and fit to the
injection-locking model (gray) obtained as described in the
text. (b) Two entrainment plateaus for variation of α. This
observation underscores the opportunity for more in-depth in-
vestigations of breather dynamics in future work. (c-e) Rigid-
ity of entrainment when F 2 is dynamically varied using ad-
ditive white Gaussian noise. (c) Distribution of F 2 values
for each of seven simulations, with the fit from part a for
scale (gray). (d) Calculated spectra of out-coupled breather
amplitudes for each distribution after observation over the
second half of a simulation of 219 round trips. Colors cor-
respond to c. The spectra are scaled to the same peak am-
plitude; spectra obtained for narrower F 2 distributions have
a higher-amplitude coherent spike at f = 0.1/TR (i.e. spec-
tral wings are lower). (e) Thirty-dB width δf of the spectral
peak at f = 0.1/TR, calculated with a resolution bandwidth
of ∼ 1× 10−4/TR. The x-axis indicates the ratio of the stan-
dard deviation σ of the normally-distributed F 2 values to the
locking range ∆F 2. The dashed line is a model for the results
in the absence of subharmonic entrainment as described in
the text, and indicates that a qualitative change occurs due
to the influence of entrainment as σ is decreased. The dif-
ference between the simulation results (black dots) and the
model (dashed line) is indicated on a linear scale above the
plot.
plement the injection-locking fit in Fig. 3a, we use spline
interpolation between data points far from the injection
locking plateau to approximate fb,0, which allows us to
carry out the fit without knowing the precise form of the
dependence of fb,0 on F
2. For Fig. 3b, because we lack
data on the free-running oscillator frequency fb,0(α) for α
6below the plateau centered near α = 4.5 (as all this data
is strongly pulled), we use a two-step model in which the
data above this plateau is used to generate an initial fit,
and then this fit is used to approximate the free-running
frequencies fb,0(α) over the full α-interval. The fits (gray
and blue curves) presented in Fig. 3 should be regarded
as qualitative approximations.
We also investigate breather oscillations in the pres-
ence of dynamical variations of the pump power around
a point at which subharmonic entrainment occurs. We
calculate the spectrum of the breather amplitudes |ψ|2max
in the presence of time-varying F 2 values drawn from nor-
mal distributions with standard deviations σ up to 5∆F 2,
where ∆F 2 = 0.087 is the locking range obtained from
Fig. 3a (half the width of the plateau); this value 5∆F 2
corresponds to ∼ 4 % of the mean value F 20 = 10.0034.
Figs. 3c-e summarize the results of this study. We high-
light Fig. 3e, which presents a calculation of the thirty-
dB linewidth of the breathing frequency tone as a func-
tion of σ. Included in this plot is a phenomenological
model for the data in which the tone is assumed to be
a Lorentzian that is sampled with the appropriate reso-
lution bandwidth and that has linewidth proportional to
σ1.8. One arrives at a model in which the linewidth is
proportional to σ2 by assuming that the instantaneous
breathing frequency varies linearly with F 2, noting then
that the power spectrum of fluctuations in the breather
frequency is proportional to σ2, and using the fact that
in the case of white noise the linewidth is proportional
to this power spectrum [56]; the phenomenological de-
pendence σ1.8 provides a better fit to the data at high
σ, likely due to the fact that the breathing frequency
does not actually vary linearly with F 2. This model
agrees well with the data at high σ, but at low σ the
data drops below the model; this indicates that subhar-
monic entrainment exerts a stabilizing influence on the
breathing frequency as σ is decreased.
DISCUSSION
We have presented evidence for subharmonic entrain-
ment of breather-soliton oscillations to the periodic per-
turbation occurring at the round-trip time in passive,
driven, Kerr-nonlinear ring resonators. This effect vi-
olates discrete time-translation symmetry in the same
manner as the discrete quantum time crystals that have
been recently demonstrated.
Our prediction of breather-soliton time crystals in mi-
crocombs goes beyond what has been investigated exper-
imentally and what can be explored within the canonical
mean-field LLE model for microcomb nonlinear dynam-
ics. We expect this proposal to open up a new avenue for
research in this field, as effects like this one related to the
round-trip time have not yet been investigated. This new
phenomenon could prove useful in tailoring microcombs
for applications.
An obvious limitation of this preliminary study is that
we have investigated a regime of intermediate finesse,
with values of finesse between 24 and 32 explicitly consid-
ered. The finesse of microresonators that are employed
in experiments is typically in excess of 1000 (sometimes
greatly so), and lowering the finesse comes with the draw-
back of increasing the threshold power for comb gener-
ation. Moreover, we have seen that the strength of the
subharmonic entrainment effect, as indicated by the lock-
ing range ∆F , falls of exponentially with increasing fi-
nesse. However, there are many tools that may aid in
overcoming this apparent obstacle that could be investi-
gated in future work. First, we have only investigated a
single LLE point (defined by α, β2, and F
2) in depth—
this leaves the remainder of parameter space open for
exploration. Moreover, there are effects that have been
investigated within the context of the LLE that we have
not investigated here. These include, for example, Ra-
man scattering and other higher order nonlinearities, and
also higher-order terms in the Taylor expansion of the
mode frequencies (which we have truncated at second or-
der, β2 = −2D2/∆ω). Additionally, one could consider
azimuthally varying the nonlinear, dissipative, or disper-
sive properties of the resonator to increase the strength of
round-trip-time effects (e.g. [57]). Finally, the coupling
rate ∆ωext could be spectrally varied so that the round-
trip-time perturbation at the pump frequency is strong
while out-coupling of the other comb modes is weaker,
which could help to mitigate the increases in threshold
power that come with lower finesse.
Intuitively, one can expect that sharpening the
breather oscillation waveform to increase the sensitiv-
ity ∂Ab/∂NRT will facilitate realization of this effect at
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FIG. 4. Extension of subharmonic entrainment to higher fi-
nesse. (a) LLE simulations of a breather soliton’s amplitude
at the point α = 4.5, F 2 = 10, β2 = −0.02, for the cases
of β4 = 8 × 10−6 (red) and β4 = 0 (blue). The inclusion of
fourth-order dispersion with sign opposite that of β2 sharpens
the breather oscillation, making it more sensitive to changes
in the timing of the out-coupling of pulses. (b) Locking range
∆F observed in Ikeda-map simulations of the two breathers
from part a. The case of β4 = 0 was analyzed extensively
above; including β4 = 8× 10−6 both shifts the locking-range
curve up and reduces its slope. Locking ratios N for the case
β4 6= 0 are indicated next to the data points.
7higher finesse. To test this hypothesis, we incorporate
fourth-order dispersion into the LLE and the GNLSE for
the Ikeda map (Eqs. (1) and (4), respectively) by adding
the term +iβ44!
∂4ψ
∂θ4 to the right-hand sides of these equa-
tions, where β4 = −2D4/∆ω, D4 = ∂
4ωµ
∂µ4
∣∣∣
µ=0
. Upon set-
ting β2 = −0.02 and β4 = 8× 10−6, we find that an LLE
simulation of the breather oscillations reveals sharper
and higher-amplitude oscillations than in the case of only
second-order dispersion with β2 = −0.02. Intuitively this
can be understood by noting that β4 with appropriate
magnitude and with sign opposite that of β2 reduces the
integrated dispersion Dint(µ) = ωµ − (ω0 +D1µ), which
quantifies the dependence of the local comb-resonator de-
tuning on mode number µ, far from the pump [15]. This
facilitates broad bandwidth, temporal pulse compression,
and high peak power, but only for a pulse that already
has sufficient bandwidth to sample this region of reduced
integrated dispersion—therefore temporal narrowing and
increased peak power occurs for pulses that are already
temporally short, i.e. when the breather is near its peak
amplitude. We explore subharmonic entrainment of these
oscillations using the Ikeda map model, and find greater
than ten-fold improvement in the locking range as a func-
tion of finesse. These results are summarized in Fig. 4.
The improved locking range allows us to observe the ef-
fect up to at least a locking ratio of N = 20.
This increased locking ratio immediately suggests an
application for breather-soliton time crystals. Presently,
promising proposals for integration of microcombs into
low size, weight, and power photonics packages make use
of a comb with an extremely high (∼ 1 THz) repeti-
tion rate, which facilitates achievement of the octave-
spanning spectrum required for full stabilization of the
system [11, 58]. However, a second lower-repetition-rate
comb must be incorporated into the system to enable
measurement of the first comb’s repetition rate, which
is outside the bandwidth of electronic measurement sys-
tems. The possibility of generating a breather soliton
in the ∼ 1 THz resonator and measuring the frequency
of entrained breather-soliton oscillations as a proxy for
the repetition rate could therefore greatly simplify this
system. Indeed, the locking ratio of N = 20 we observe
in the presence of fourth-order dispersion is already high
enough to enable indirect measurement of a 1 THz rep-
etition rate through measurement of entrained breather
oscillations at 50 GHz.
At present it is not clear what kind of resonator design
will best facilitate realization of breather-soliton time
crystals in high-finesse microresonators. However, this
phenomenon could be immediately investigated experi-
mentally using fiber-loop ‘macro-ring’ resonators. The
dynamics in a passive, driven loop of nonlinear fiber are
formally equivalent to those of a microcomb, but fiber
loops typically have finesse on the order of ∼ 100 instead
of ∼ 1000. Many facets of Kerr-nonlinear dynamics have
been investigated in fiber loops (e.g. [4, 23, 28, 59]),
and this is certainly a promising route for experimental
realization of the breather-soliton time crystals we have
proposed here. We present our results with the hope that
they will excite interest in this fundamentally new type
of behavior, spur a new course of microcomb research,
and prove useful in developing this technology towards
maturity for applications.
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